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PROBLEM OF HEAT TRANSFER WITH ALLOWANCE
FOR AXIAL HEAT CONDUCTION FOR THE FLOW
OF A LIQUID IN TUBES AND CHANNELS

P.V. Tsoi UDC 536.24

The author presents a computational method for problems of heat transfer in channels with simple
and complex two-dimensional profiles of the cross sections for the flow of liquid metals where axial
heat conduction is taken into account. A comparison with solutions of the heat-transfer equation with-
out the term that takes into account the conduction along the flowing liquid is given.

The combined heat transfer equation for the steady-state regime of flow of a medium inside a plane-
parallel channel (m = 0, -R<x<R) and a round tube (m = 1, 0<r<R) in the relative coordinates &
(-1<& = x/R<l1, 0 =r/R<1) and X = % ; Pe = wpR/a and the time Fo = at/R? under symmetric
conditions of thermal loadings is reduced to the form
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In the formulation of classical Gratz—Nusselt boundary-value problems the change in the heat flux due to the
heat conduction along the flow of the liquid is considered to be small compared to the convective transfer of
heat in this direction, i.e., the assumption
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is adopted, and Eq. (1) is solved without the second term in the right-hand side. Since Pe = W% WS \;

Re Pr, for gases (Pr = 1) and nonmetalic liquids (1 < Pr < 1000) where Pe > 25 [1] this condition is satisfied

almost without exception. However for liquid metals (0.005 < Pr <0.05) with small Pe numbers the term
2

6%, 5 = Pe? cannot be disregarded.

As d - o EQ. (1) in the variable X (0 < X < o) passes into the parabolic class, and for the stationary
regime (0T/0Fo = 0) simultaneous use of Laplace integral transformation of the parabolic variable X, which
is one-sided in terms of [2], and orthogonal projection of the discrepancy along the two-sided dliptic coordi-
nate & (along & and n for channels with a two-dimensional cross-sectional profile) leads to synthesis of the
transfer function of the sought temperature field by sums of blocks of elementary thermal-inertial links, while
realization of this solving algorithm using double Laplace-Carson transformation of the variables X and Fo
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leads to synthesis of the solution in the form of an expansion in summands of responses of thermal-inertial
links with the two-parameter transfer functions

A® (s p)

()’

—0
l-’Ik (S! p) =
p+ Vs +p!

to the thermal loadings ®(X, Fo). Here Wi = p{/q, pi” and §" are the eigenvalues of the problems of

nonstationary heat conduction inside a prismatic body and stationary heat transfer in a channel with the same

profiles of the cross sections D, for example, for Eq. (1) — inside a round bar and a round tube.
Generdizations of the solving algorithm [3] to solutions of the telegraph equation of heat conduction
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where 9, and &, are correction parameters (6, = 1 and &, = Fo; = at/h?, 1 is the relaxation time [4]), led, in
the domain of Laplace transforms, to synthesis of the temperature fields by sums of terms of eementary
inertial-vibrational links (0, = 1 and &, #0) or pure vibrational links (wave, &; = 0 and &, # 0) determined,
respectively, by the expressions
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where 2V >0, V>0, ..., 2V >0 are approximate eigenvalues of the classical heat-conduction equation (2)
(0, = 1, & = 0) that coincide with the exact ones in the subscripts up to k< n-2.

Equations (1) for 0 = 0 and (2) for &, = 0 and &, # 0 are included in the parabolic class and provide
the basis for composing mathematical models for inertial systems of continuum mechanics inside which
changes follow the fundamental laws of the thermodynamics of irreversible processes. In such equations, par-
tial derivatives with respect to one-sided parabolic variables are an order lower than in hyperbolic equations.
Therefore it seems impossible, from the solution of the complete equation (2), to find the solution for the
classical heat-conduction equation by passing to the limit as & — 0. For the same reason we cannot obtain
the limiting solution in singular degeneracy of the coefficient of the highest derivative 9°T/9X? (Pe? =
0 — 0) from the solution of Eq. (1), which is included in the class of equations of elliptic type.

Let us determine the solution of Eg. (1) under the stationary regime, i.e., dT/0Fo = 0. We introduce
the notation
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TE9=[TEX exp (- dX.
0

Then for unique passage to the domain of Laplace transforms we must prescribe initial conditions for the
one-sided dimensionless coordinate X:
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and with the boundary conditions
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the formulated problem in the case f,( = 0) is reduced, for T(, 9), to the form
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An approximate solution of Eq. (5) that satisfies boundary conditions (6) exactly is found in the fam-
ily of the linear manifold
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where the choice in selecting the basis coordinates of the functional space is restricted only by fulfillment of
the homogeneous boundary conditions

0
dz@o

This manifold of Riemannian spaces includes the space of polynomials

[Wy (©)]e=:1=0, 0. (8)
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where we will find the temperature inside a plane channel (m = 0) and a round tube (m = 1). We introduce
the quantity (7) into the left-hand side of Eq. (5); then the discrepancy will be
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and from the requirement IandeE =0,j =1, 2 .., nwe obtain for the coefficients a;(s), ..., an(s) a deter-

mining system that, in matrix form, is equal to

(A+3B-58C)a(s) = [Ty~ P ()] (D - 3sF) + i E, (10

where the matrix elements are calculated from the formulas
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By calculating the coefficients By and D; for prescribed profiles of the velocity w(§, m) and a fixed parame-
ter m we write system (10) in explicit form. For example, for the laminar isothermal flow of a Newtonian
fluid

m+3
wEM="2"(1-8), $(®=1
from the truncated system of first order for m = 1 we find
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For large values of Pe where & = Pe2= 0 the dimensionless coordinate along the tube length X becomes a
one-sided parabolic variable, and in the limit as Pe* - « from (12) we have

_ L _AT-sh©]  aR (9 (13)
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whence by going to the domain of the inverse transforms in the cases ¢(X) = Ty # To, f(X) = 0 and ¢(X) =
To, f(X) = 1 we easily find a;(X), and the representation (7) in a first approximation leads to the solutions

TEX-T, 4
@1(E,X)=%=§(1—E2)exp(—4X), (14)
0 w
AR 2 0
T(E,X)=T0+K(1—E)ﬁl—exp(—4X)g. (15)

The temperature field (15) in the flow of a heat-generating liquid exactly satisfies the initial conditions at the
inlet and the boundary conditions on the tube wall, while after the interval of a transient regime a parabolic
distribution that coincides with the exact solution is established.

For small finite Pe numbers, from the first term of (12) we have

2 - ~ 2 'y
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where P and 5 are the roots of the equation - 1.5 Pe’s—6 Pe = 0, i.e,

Y =05 (15Pe’ - V2.25 P + 24P?) <0,
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5 =05 (1.5P€* + V2.25 P+ 24Pe?) > 0.

Instead of solution (14) for ¢(X) = T,, # Tp we find

TEX-T, 55" - 2Pé @ 155" - 2pe’ ~(1)
O (EX)=—"2  W_(1- it S , 1
@202 z)gﬁ e 2~(1)_1.5 epEPOE (1)

For the temperature in the flow of the heat-generating liquid, by analogous computations with the second
term of (12) instead of formula (15) we obtain

TEX)=To+ ~(1) SO 3 exp (8% - 5 exp G0, (18)
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where
5 - & =V2.25Pe"+ 24P .

These solutions for Pe = 4 are reduced to the expressions

0, X) = TT __ TW =[1.202 exp (- 3.492X) + 0.299 exp (27.492X)] (1 - €2, (19)
0 w
qu2 2
TEX)=Ty+ e [1-0.816 exp (- 3.492X) — 0.184 exp (27.492X)] (1L - &) . (20)

For a bar flow, W(E, m) = wp = const and in Eg. (1) w(§, m) = 1. Then in the determining system
(10) the matrices are B = C and D = F. The elements of the matrix a(s) are determined from the Cramer
formula
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where A(Z) = A+ ZB|, z = s- 3 AﬁN)(z) = 2 NjAK(2); Aj(2) are the algebraic complements of the determi-
=1
nant A(z). Since the matrices A and B are symmetric and positive, the roots of the equation A(z) = 0 will be
simple and negative. We denote them by -Z" <0, -Z&" <0, ..., -4"” <0 (4™ > 0) in ascending order of abso-
lute values; then, expanding the proper fractions AﬁN)(z)/A(z) in simple poles of the denominator, we obtain
the synthesis of the elements

" AP (4 [To- b (9)] (1 59 aF ¢ A7(2) T

£ N(- 2" s—5&+2" A é A (2" s-58+2"

(22)
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of the response matrix a(s) in the form of an expansion in sums of blocks, each being additionally reduced
to terms of two simple links by transformations of the same type that were carried out to derive formula (16).
One link is an ordinary inertial link with a stabilizing response along the tube length while the other is a
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pseudo-inertial link, and its effect on the solution leads to a rapid rise in the temperature, which does not fit
exactly the actual thermophysical process.

Thus, the assumption of one-sidedness of the elliptic coordinate X as in a semi-infinite tube and the
additional condition for unique application of the Laplace integral transformation led to a boundary-value
problem whose solution in the core of the liquid flow increases with X. Therefore we consider another ap-
proach to the solution of the formulated problem where a two-sided eliptic coordinate X is adopted. We
prescribe boundary conditions at the beginning X = 0 and at the end of the reduced length of the tube X =
L. An approximate solution of the problem

oT 10 0 4TO 1 o°T )
’ - — ——! ’ =2 - ’ 23
wWE D Eaaé‘«azgpezax W 1)=2(1-8) 23)
[T & Xgy = T éﬁ%g =0, [TE Nyeo=To [TE Qg =T, (24)
[d=0

that exactly satisfies boundary conditions (24) just in & will be sought in the form
TLEX =T, +u) W €), Wy (O =1-8. (25)
We introduce the quantity Ty(§, X) into Eq. (23) and compose the discrepancy

g [u U, U, & =Peu (X) Wy () E—2u (X) (L-&2) &, (§) —4Eu (X 2 0.

1

Then from the regquirement of orthogonality of the discrepancy to the coordinate axis L|J1(E)I gdg = 0 we
0

obtain
d’u odu o2
— —15Pe"—-6Pe u(X)=0. 26
dx? dX ) )
The general solution of this equation will be
U (X) = ¢y exp (%) + ¢, exp (51X) . (27)

The integration constants in the solution

~ 2
TLEX) =T, +[6 o (57X + o exp GPX] (1 - 8)
are found by complying with the second part of the boundary conditions (24) at the ends X = 0and X = L
for the mass-mean temperature

1
2[TEOWEDEdE
T, (00— =4 [T (& X) (1-&) &k .
2[w(E 1) &de °
0

188



Y N\
08T \\\ Pe=2 RN Pe=2
06 F N3 4 LN 4
\\\ 8 \\\\ 8
04 SN - NS
o2t o, 0 TS NS S
i = _|

0 01 02 03 04 X 0 01 02 03 04 0508 09 X
Fig. 1. Change in the mass-mean relative excess temperature with allow-
ance for the heat conduction along the axis of a tube of finite length L =
0.5 (@) and 1.0 (b). The dashed lines show the mass-mean temperature

without alowance for the axial heat conduction (Pe = 20, & < 1/400).

Then
15(To - T,) [exp GIVX +s7L) - exp (517X + 5L
TL(EX) =T, + (To ) [ p(Sl(l) S )~(1)p(51 Sh®) (1_22), (28)
exp (s;'L) —exp(s;'L)
@+ =Dy — aor =@y L D
@1(X)D:D-1(X)D_Tw:exp(sl L+511X) eXp(Sl L+S_I_X). (29)

exp ($L) - exp (31PL)

0~ 'w
For the number Pe = 4 the mass-mean relative excess temperature is written by the formula

exp (27.492L — 3.492X) — exp (27.492X — 3.492L)

(30)
exp (27.492L) — exp (— 3.492L)

@, (X)=

For the numbers Pe = 2 and 10, in the solution (29) we will have, respectively, st = —2.745, (Y = 8.745
and &Y = -3.899, 5V = 153.895, while for Pe = 20 we find sY) = -3.974 and 5{Y) = 603.974. With further
increase in the Pe number the value of s&l) approaches s; = —4, which coincides with the eigenvalue of Eq.
(23) without the term Pe 20%T/9X? when the approximate temperature field is determined by the solving al-
gorithm [3] from a single principal spectrum in the family of the linear manifold (7).

Plots of the change in the mass-mean temperature (29) for the reduced tube lengths L = 0.5 and L =
1.0 and the numbers Pe = 2, 4, and 8 are shown in Fig. 1. The figure gives curves of the exact mass-mean
temperature [@(X)Ofrom results of calculating the problem inside a semi-infinite tube without allowance for
the heat conduction along the flow of the liquid [3].

It follows from Fig. la that, inside short tubes with reduced lengths L < 0.5, the decrease in the tem-
perature in the zone of exit of the liquid depends substantially on the additional boundary conditions at the
end of the tube X = L. For rather long tubes (see Fig. 1b), this boundary condition becomes natural, and no
special thermal loadings are required at their ends, as is adopted in classical formulations of the problems.

Since with increase in the Pe number 5 >0 becomes arbitrarily large and s <0 tends to —4, by
the transformation of solution (29)

T, 00T, PGP epE’X) -en (s

exp (57L) [1 - exp (L) exp (- 3°L)]

L) exp [51 (x - L))

@, (X)= (31)

O_TW

for large values of Pe with allowance for X <L we obtain exp [S{(X - L)] =0 and exp (5{PL) =0, and the
mass-mean temperature is reduced to the approximate expression
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T QEE Ty + (To — Ty) &xp (= 4X) . (32)

As an example for channels with a two-dimensional profile of the cross section that is symmetric to
the axis & (§ = x/h) we consider the problem of heat transfer in a prismatic channel of the equilateral trian-

2
gular cross section Dgys%x,ys—%x,OSXSh,B: h—2=3E]
0 b O
oT T 9T 1 97T 17z wgh
WE N —=—+B—5+——, X=——, Pe=—2, (33)
& r])ax 05> Banz Pe ax? Pe h a
[TE N Xx=0=To, [TE N Xy =T [TE N, X =0 (X), (34)

where the temperature on the channd walls ¢(X) changes rather quickly; in any case, it takes on a constant
value $(X) = T,, on the interval of the second part of the channel length L. For the equilateral triangular
region D, the composite boundary function w(§, n) and the exact expression for the velocity distribution of
the isothermal flow of the liquid will be

WEn)=E-n)@-8, W(EN) =wew=15w, (E*-n?) (1-8) , max W=2.22w;. (35)
The representation of the approximate solution in the form
TENX)=¢X)+u(X)w(E&,n), —1<n=y/b<l, 0<&=x/h<1, (36)
leads, with constant boundary conditions (¢(X) = T,), to the expressions

TENX=T,+ 10.5(T, - T,) [exp ~(le +5X) — exp (siL + $,X)] E-n)1-5), (37)
exp (L) —exp (siL)

T 0T, _ &P EL+5X) —exp (s +5X) (38)

@ (X)[=
9 To—Tw exp (S,L) —exp (siL)

where
s, = 0.5 (1.636Pe” - V(1.636P€%)” + 168Pe?) <0,

5,=05 (1.636Pe2 + \_/(1.636Péz)2 +168P€?) > 0.
The mass-mean temperature (38) for the number Pe = 4 is written in the form

T (T, _ exp (42.128L - 15.952X) - exp (42.128X - 15.952L)

(39)
To-T, exp (42.128L) - exp (- 15.952L)

® (X)=

From the solution (37) we find the heat flux on the wall x = h from the formula
O, oTd A BTO

qN. X)=FA -0 =-%w0O:0
3, g,
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and then the regularity of the heat transfer at all similar points at the three sides is determined in the form

AN _o50-n3 SPEL SN —epEL+ 50
A (To=Tw) exp (SiL) - exp (SiL)

q’(n,X) = (40)

The changes in the heat flux along the perimeter of the cross section and along the length of a semi-infinite
channel that are found in terms of the temperature field in the first and the second approximations without
allowance for the heat conduction aong the channel axis [3] lead, instead of (40), to the formulas

07 (N, X) =9.167 (1 -1 exp (- 25.667X) , (41)

G (N, X) =9.526 (1 -1 [(1 - 1.310n°) exp (- 24.084X) — (0.209 + 4.462n°) exp (- 196.812X)] ,  (42)

where the regularity of the heat transfer is described with a high degree of accuracy using qg(r], X).
With increase in the Pe number (Pe > 20, for Pe = 20 s; = -24.738 and S; = 679.138) the solution
(37) virtually coincides with the expression

TE N, X)=T,+105(Ty-T,) E°-n?) (1 - &) exp (- 25.667X) ,

where the number 25.667, just as in formula (41), is the coefficient of the rate of exponentia stabilization
when the solution is found from a single spectrum without allowance for the conduction along the channel
axis.

NOTATION

T, temperature in the liquid flow; t, time; Ty and T,,, temperature at the inlet and on the wall of the
channel; Fo and Pe, Fourier and Péclet numbers; s and p, arguments of the Laplace transforms; A, thermal
conductivity of the liquid; a, therma diffusivity; v, kinematic viscosity; R, radius of the round tube; 2R,
thickness of the plane channel; wy, average velocity of the liquid; 8, &;, and &,, correction parameters; over-
scribed bar, Laplace transform with respect to the coordinate of the tube length; asterisk on a symbol,
Laplace transform with respect to time.

REFERENCES

1. B. S. Petukhov, L. G. Genin, and S. A. Kovalev, Heat Transfer in Nuclear Power Plants [in Russian],
Moscow (1974).

2. S. V. Patankar, Numerical Methods of Solution of Problems of Heat Exchange and Liquid Dynamics
[Russian trandation], Moscow (1984).

3. P. V. Tsoi, Computational Methods for Problems of Heat and Mass Transfer [in Russian], Moscow
(1984).

4, A. V. Luikov, Theory of Heat Conduction [in Russian], Moscow (1967).

191



